
Proposition: (division w i t h remainder)

I f n , d e 2 and d z l , t h e n

F un i q u e i n tege r s q
a n d r w i t h

n = q d t r a o z r a d

( g - quot ient ,
r = remainder)

proofs Assume n z o . I f n Ld ,

t a k e q = o a n d r i c h .

U s e induction! Assume t h a t

N E D and t h a t h t M E 12

w i t h I E m a n , I



Em and rm w i t h

m = E n d f r m
- Since

n ? d ,
w e have e i t h e r

r i d ,
i n w h i c h c a s e

w e c a n c h o o s e q = l and r : O ,

o r n > d ,
i n w h i c h c a s e

0 2 n - d C n . T h e n

F i n t e g e r s s , t w i t h

( n - d ) = s d t t a nd

O E t C d .



T h e n

n : ( s a t d ) t t

n i d ( s t i l t t ,

s o w i t h q = S t l and

f e r ,
w e h a v e t h e r e s u l t .

N o w a s s u m e n c o . I f

d ) n , t h e n w e c a n t a k e

r : O and q =
Fe

.



I f d does n o t d i v i d e i n ,

apply the r e s u l t t o - n > O ;

F s , t E Z w i t h

- n i s d t t , o c t t e d .

T h e n

n = - ( s d t t )

n = - s d - t

n = - s d - d t d - t
¥

n = d l - s - 1 S t ( d - t )



s i n c e t > o , d - t C d

a n d t e d ⇒ O l d ' t .

Se t t i ng r i d - t and q = - s - l ,

w e g e t t h e r e s u l t f o r N C O .

W e h a v e established t h e ex i s t e n c e

o f q a n d r for a l l M E N .

Uniqueness: Suppose I

9 , and r , w i t h

q d t r , i n = q d t r ,

o f r i l e d .



T h e n

q , d - q d = r - r , ,

s o ( q , - e ) D = r - r , .

Therefore, d / ( r - r , ) .

B u t O E r , r , c d ,

s o

I r - r , l E m a x { r , r B cd .



I f d d i v i de s r - r ,

a n d I r - r , I L d , t h e n

r - r , : O , s o r = r , .

w e immediately g e t from

q , d f r , = q d t r t h a t

q , = q ,
and uniqueness

i s established.

D



Notat ion: m a x {h im)

a max imum o f n a n d m



Definition: (god) L e t M i n E R ,

m t o t n . T h e n D E N

i s ca l l ed t h e greatest

c o m m o n d i v i s o r ( god ) o f

M a n d n i f

1 ) d i m a n d d I n

2 ) I f K E I N and

K l m , k i n , then

d ? K .



Propositions I f n , n E Z ,
l e t

I(min)={am t b h / a,bE2}.

T h e n

1 ) Y s , t E I l m i n ) , s t tE I lm in )

a n d - s E I ( m i n )

2 ) Y SED, i f

S i lman)={st / tEICminB,

then s ICmin ) E I l m i n )



3 ) I f h i m and k i n , HER,

t h en i f t E I Cm i n ) ,

l i l t .

proof'. L e t s , t E I l m i n ) .

T h e n F a , , a s , b i , ba E E

w i t h

s = a i n t b i n

t = a g n t b am .

T h e n



S t t = Cain tbin)t(aantbam)

s t t = a , n t a a n
t b i n t b am

s t t = ( a l t a r ) n t (b, t b a l m .

W i t h a = a l t a r E R and bibitbaEZ,

w e h a v e s t t c - a n t b m E I (min).

A l s o ,

- s = - ( a i n t b i n )

- s = - a , n
- b , m

- s = f a i n t G b , I n



s i n c e a , , b , E Z , - a , , - b i E E ,

s o w i t h a = - a i , b i - b i ,

- s c a n t b o n e I c on , n ) -

2 ) L e t S E E , t E I C m i n ) .

T h e n I a , b E 2 w i t h

t = a n t b m .

S t = scantbm)

s t = s a n t s b o n

s t = ( s a ) - h t ( S b ) - n



S i n c e s , a ) B E 2 , s a , s b E 2 ,

s o s t E I l m i n ) .

3 ) suppose K l m and K l m .

Then F l , R E E ,

n i k e

m i l e r .

Let t E I C m i n ) . T h e n F

a , bE2 ,

t = a n t b m .

Subs t i t u t i ng ,



t = a ( k e ) + b l u r )

t = ( a l t b r ) k

since a i l , b , r E 2 , w e

h a v e t h a t a l t b r . C Z , and

s o l i f t .

D



Aside: i n s o m e t e x t s o r papers,

y o u m a y s e e ( h i m )

w r i t t e n fo r god ( h im ) .



¥ " Le t m , n E 2 , o n t o # n .

I f D E I N ,
d i m and dln,

then i f a l s o D E I (min) ,

w e h a v e t h a t D = god (min) .

proof: suppose t h a t K E I N and

K l m ,
k i n . T h e n

by the previous proposition,

s i n c e d e I l m i n ) ,

4 I d . A s k . D E I N ,

w e m u s t h a v e t h a t



K E d . from th i s ,

w e conclude t ha t

D = gcd(min) .

A



T h e Euc l i dean Algorithm

fo r t h e G C D

T h e Euclidean Algorithm i s

a procedure
for obta in ing

t h e god o f t w o n o n z e r o

i n t ege r s .

T h e a l go r i t hm : T a k e m i n e 2

and suppose n e i t h e r i s 0 .

W e m a y a s s u m e t h a t

fm l? I n l w i thout l o s s o f

generality.



T h e n F E , l r , E 12

0 E r , L I n t , w i t h

m i e i n t r i .

Repeat!

I 9 2 , r , E Z
,

O E r , c r i ,
w i t h

n i 9 2 r , t r ,

keep going u n t i l

y o u can't o b t a i n a n y

m o r e r e m a i n d e r s
- a t

m o s t I n l s t e p s .


